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Midterm Review Problems II

Here's a second set of practice problems you can use to prepare for the upcoming midterm exam.
We'll release solutions on Monday.

Problem One: Translating Out Of Logic
For each first-order statement below, write a short English sentence that describes what that sen-
tence says. Then, determine whether the statement is true or false. No proofs are necessary.

(You might want to read over the checkpoint problem for Problem Set Four before starting this prob-
lem, since it introduces some terminology that might make it easier to translate these statements.)

• ∃S. (Set(S) ∧ ∀x. x ∉ S)

• ∀x. ∃S. (Set(S) ∧ x ∉ S)

• ∀S. (Set(S) → ∃x. x ∉ S)

• ∀S. (Set(S) ∧ ∃x. x ∉ S)

• ∃S. (Set(S) ∧ ∃x. x ∉ S)

• ∃S. (Set(S) → ∀x. x ∈ S)

• ∃S. (Set(S) ∧ ∀x. x ∉ S ∧ ∀T. (Set(T) ∧ S ≠ T → ∃x. x ∈ T))

• ∃S. (Set(S) ∧ ∀x. x ∉ S ∧ ∃T. (Set(T) ∧ ∀x. x ∉ T ∧ S ≠ T))

• ∃S. (Set(S) ∧ ∀x. x ∉ S) ∧ ∃T. (Set(T) ∧ ∀x. x ∉ T))

Problem Two: Ordered Tournaments
As you've seen on the problem sets, a tournament graph is a directed graph with n ≥ 1 nodes where
each pair of two different nodes has exactly one edge between them. (Intuitively, the nodes are play-
ers, and the edges represent the outcomes of each game).

As you saw in lecture, every tournament has at least one victory chain, a way of lining up the players
from left to right so that everyone beat the player immediately after them and lost to the player im-
mediately before them. However, a victory chain doesn't guarantee anything else about the ordering
of the players. For example, in a victory chain p₁, p₂, p₃, it's possible that p₃ beat p₁.

A strong victory chain is a way of ordering the players in a tournament so that each player appears
only once in the ordering, each player lost to every player that came before them in the chain, and
each player beat every player that comes after them in the chain.

Prove that if a tournament graph has a strong victory chain, then it doesn't contain any cycles.



Problem Three: Induction
Contract rummy is a card game for any number of players in which players are dealt a hand of cards and,
through several iterations of drawing and discarding cards, need to accumulate sets and sequences.  A set
is a collection of three cards of the same value, and a sequence is a collection of four cards of the same
suit that are in ascending order.  The game proceeds in multiple rounds in which players need to accumu-
late a different number of sets and sequences.  The rounds are:

• Two sets (six cards)
• One set, one sequence (seven cards)
• Two sequences (eight cards)
• Three sets (nine cards)
• Two sets and a sequence (ten cards)
• One set and two sequences (eleven cards)
• Three sequences (twelve cards)

Notice that in each round, the requirements are such that the number of cards required increases by one.
It's interesting that it's always possible to do this, since the total number of cards must be made using just
combinations of three cards and four cards.

Prove, by induction, that any natural number greater than or equal to six can be written as 3m + 4n for
some natural numbers m and n.


